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Overestimation in Set Propagation

• Reachable set segments (flowpipes) are computed iteratively. 

• The overestimation in a flowpipe is propagated to the next one. 

• Overapproximations are often represented by convex sets, such as intervals, polytopes or 
zonotopes, although the actually reachable sets are nonconvex. 

• It is hard to compute and represent nonconvex overapproximations.
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Questions

• Is it possible to direct compute nonconvex overapproximation sets? 

• If so, how can we represent the overapproximation sets?  

• How easy can they be computed? 

• How accurate can they be? 

• How easy can we handle them in other computation and analysis tasks?



Flowmap of an ODE

General solution form of the ODE  regarding to the initial condition :·x = f(x, t) x(t0) = x0
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'f (x0, t, t0) = x0 +

Z t

t0

f('f (x0, ⌧, t0), ⌧)d⌧

The function  defines a mapping from an initial configuration to the reachable state at a time, 
i.e., .

φf
x(t) = φf(x0, t, t0)

The set-propagation techniques compute convex overapproximate ranges of  over small time 
intervals iteratively. However, is it possible to overapproximate the function itself?

φf



Functional Overapproximation
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x(t) = 'f (x(0), t, 0)

• The actual flowmap function cannot be computed exactly. 

• An overapproximate function of the flowmap contains not only the reachable set but 
also the relation between the reachable state and its initial state. 

• Ideal overapproximation form:  for all  and .φf(x(0), t,0) ∈ Φ(x(0), t,0) x(0) ∈ X t > 0



Counterexample Generation

Set of Initial States

Unsafe Set

• When a pure range overapproximation intersect the unsafe set, we can only conclude that the 
system might be unsafe. 

• However, if a functional overapproximation detects a potential unsafe intersection, it may 
backward find an overapproximation of the unsafe initial states.

Reachable Set 
Overapproximation



How can we compute functional 
overapproximations?



Outline

• Taylor Models as Functional Overapproximations. 

• Taylor Model Arithmetic. 

• Taylor Model Flowpipe Construction for ODEs. 

• Time-Triggered Switches of Dynamics. 

• Flow* Toolbox.



Taylor Models

f(x)

x
X

Kyoko Makino and Martin Berz. Taylor Models and Other Validated Functional Inclusion Methods. 
International Journal of Pure and Applied Mathematics 4 (4), 2003.

p(x) + a

p(x) + b

Overapproximation property:
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8x 2 X.(f(x) 2 p(x) + [a, b])



Basic Arithmetic of Taylor Models

Addition:

Multiplication:

Integration:
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(pf (x), If ) + (pg(x), Ig) = (pf + pg, If + Ig)
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(pf (x), If ) · (pg(x), Ig) = (pf · pg � rk, B(pf )Ig +B(pg)If + IfIg +B(rk))
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a
(pf (s), If )ds = (

Z b

a
pf (s)ds� rk, B(rk) + If · [a, b])

 are assumed to be the TMs of some functions  respectively. 
 denotes the interval enclosure, and  in a polynomial  consists of 

the terms in  of degrees .

(pf, If), (pg, Ig) f, g
B( ⋅ ) rk p − rk

p ≥ k



Overapproximating a Function

order 3 order 5

1. Computing a polynomial 
approximation  of  
w.r.t. a bounded domain . 

2. Evaluating a remainder 
interval  based on Lagrange 
form such that 

 for all 

p(x) g(x)
D

I

g(x) ∈ p(x) + I x ∈ D

Steps of computing a TM 
 for a function :(p(x), I) g(x)



Taylor Models  Taylor Overapproximations≠

f(x)

x
X

p(x) + a

p(x) + b

The polynomial  could be any polynomial approximation of , and more accurate 
approximation requires a smaller remainder interval.

p f



Taylor Approximation vs. Polynomial Interpolation

Taylor approximation Polynomial interpolation

• Original function should be 
differentiable. 

• Approximation is guaranteed to 
only “touch” the expansion point. 

• Approximation quality depends on 
the distance to the expanding point.

• Original function is not required to 
be differentiable. 

• Approximation is guaranteed to 
“touch” the interpolation points. 

• Approximation quality is overall 
good.



• Given the same order, is a polynomial 
interpolation always better than a Taylor 
approximation? 

• Is is easy to evaluate a remainder for a 
polynomial interpolation? If so, is it tight 
enough? 

• Can we use polynomial interpolations in 
Taylor model arithmetic?

Taylor Approximation vs. Polynomial Interpolation

Interesting questions:



Facts
• If the original function has  variables, both of the Taylor approximation and the polynomial 

interpolation have  variables. 

• The size of an order  polynomial which has  variables may have at most  terms 

(different monomials). 

• The computation of a Taylor expansion consists of a series of derivations at the expansion point, which 
often does not require to compute the zero coefficients. 

• The computation of a polynomial interpolation often requires to compute all of the coefficients in  
terms. 

• If  is an order  Taylor approximation of a function, then the corresponding order  approximation 
can be obtained by simply discard (truncate) the terms in  of degree . 

• If  is an order  polynomial interpolation of a function, then the terms in the order  interpolation 
have to be re-computed.

n
n

k n Nk = (n + k
k )

Nk

p k k − 1
p k

p k k − 1



Computing Taylor Model Flowpipes



Main Framework

1. Compute a Taylor approximation  for the flowmap function . 

2. Evaluate a remainder  such that  for all . 

3. Computing .

q(y, τ) φf(y, iδ + τ, iδ)

J φf(y, iδ + τ, iδ) ∈ q(y, τ) + J y ∈ Xi, τ ∈ [0,δ]

pi(x0, τ) = q(Xi, τ) + J
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Xi+1

We perform the following steps for  from the TM  where :i = 0,…, N − 1 (x0,0) x0 ∈ X0



q(y, τ) + J

Main Framework
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X0

pi(x0, δ) + Ii

pi+1(x0, τ) + Ii+1

Theorem. 
For any , the reachable state at a time  from any 
initial state  is contained in the interval .

i = 0,…, N − 1 t ∈ [iδ, (i + 1)δ]
x0 ∈ X0 pi(x0, t − iδ) + Ii



Computing an Order  Taylor Approximationk
1. Set . 

2. Repeatedly compute  and only keep the terms of low degrees.

p(x0, τ) = x0

p(x0, τ) = x0 + ∫
τ

0
f(p(x0, s), s)ds

  Example:   

                                                                                                             (initial) 

                                                                  (1st iteration, order 1) 

                                                     (2nd iteration, order 2) 

                  (3rd iteration, order 3)

·x = 2 + x2

p = x0

p = x0 + ∫
τ

0
(2 + x2

0)ds ≈ x0 + 2τ

p = x0 + ∫
τ

0
(2 + (x0 + 2s)2)ds ≈ x0 + 2τ

p = x0 + ∫
τ

0
(2 + (x0 + 2s)2)ds ≈ x0 + 2τ + x2

0τ + 2x0τ2 +
4
3

τ3



Evaluating a Conservative Remainder

Assume that  is already a polynomial approximation of the flowmap, then for any remainder , 

if the TM of  is contained in , then  is a functional 

overapproximation of the flowmap.

p(x0, τ) I

x0 + ∫
τ

0
f(p(x0, s) + I, s)ds p(x0, s) + I p(x0, s) + I

The Picard operation contracts the TM .p(x0, s) + I

We may repeatedly perform the Picard operation to refine a valid remainder.



Roundoff Errors

• Many non-integer numbers can not be represented exactly in the floating-point format.  

• We need to modify the standard interval arithmetic to ensure the conservativeness. 
E.g., . Interval multiplication is more complex. 

• Non-interval values may be rounded to their closest floating-point numbers, and the 
conservativeness of the result could be verified afterwards.

[a, b] + [c, d] = [a + c, b + d]

[Wikipedia: Round-off error]



Conservative Interval Multiplication
Computing a conservative interval for : 

Case 1:  and . The result is . 

Case 2:  and . The result is . 

Case 3:  and . The result is . 

Case 4:  and . The result is . 

Case 5:  and . The result is . 

Case 6:  and . The result is . 

…

[a, b] ⋅ [c, d]

a ≥ 0 c ≥ 0 [ac, bd]

a ≥ 0 d ≤ 0 [bc, ad]

a ≥ 0 0 ∈ (c, d) [bc, bd]

b ≤ 0 c ≥ 0 [ad, bc]

b ≤ 0 d ≤ 0 [bd, ac]

b ≥ 0 0 ∈ (c, d) [ad, ac]

It is expensive to take 
roundoff errors into account, 

but necessary!



Conservativeness of the Remainder Evaluation

?
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p(x0, τ) + I
q(x0, τ) + J

x0 + ∫
τ

0
f(p(x0, s) + I, s)ds

B(q(x0, τ) − p(x0, τ)) + J ⊆ I

If  is the order  Taylor approximation of the flowmap, 
then  only contains roundoff errors.

p(x0, τ) k
q(x0, τ) − p(x0, τ)

Interval coefficients



Example: Spring Pendulum

Right Figures: 

Taylor model flowpipes (wrapped by 
octagons) computed from the initial set 

, 
. 

Stepsize: 0.05, Order: 5.

r(0) ∈ [1.19,1.21], θ(0) ∈ [0.49,0.51]
vr(0) = 0,vθ(0) = 0



Performance Improvement

• Adaptive stepsize for the TM flowpipes - For each TM, finding the largest stepsize 
according to a given remainder. 

• Adaptive approximation order - For each TM, finding the smallest order according 
to a given remainder. 

• Cutting off the “small” terms regularly - The polynomial of a TM may have at most 

 terms. We may regularly remove the terms whose range are smaller than a 

threshold and add their interval enclosures to the remainder.

(n + k
k )

However, the above methods do not improve the overall performance.



Accumulation of Overestimation
<latexit sha1_base64="A0W4UagK4jJMxBNsb5JPLyjCzGo="></latexit>

A =

✓
cos(⇡4 ) � sin(⇡4 )
sin(⇡4 ) cos(⇡4 )

◆ <latexit sha1_base64="2MsFqFhCHOacj2J31Cmcd1HFd2Y=">AAACK3icbVDLSgMxFM34tr6qLt0Ei6CgZUZE3QiiG7urYFXoDCWT3mmDmcyQ3BHKMP/jxl9xoQsfuPU/TOssfB0IHM45N8k9YSqFQdd9dcbGJyanpmdmK3PzC4tL1eWVS5NkmkOLJzLR1yEzIIWCFgqUcJ1qYHEo4Sq8OR36V7egjUjUBQ5SCGLWUyISnKGVOtWTBj2ivoQIN/0QekLlTGs2KHJe0Ly94217QUF9/xsH1S0zvha9Pm51qjW37o5A/xKvJDVSotmpPvrdhGcxKOSSGdP23BQDeykKLqGo+JmBlPEb1oO2pYrFYIJ8tGtBN6zSpVGi7VFIR+r3iZzFxgzi0CZjhn3z2xuK/3ntDKPDIBcqzRAU/3ooyiTFhA6Lo12hgaMcWMK4FvavlPeZZhxtvRVbgvd75b/kcrfu7df3zvdqx42yjhmyRtbJJvHIATkmZ6RJWoSTO/JAnsmLc+88OW/O+1d0zClnVskPOB+fFQOmcg==</latexit>

I =

✓
[�1, 1]
[�1, 1]

◆

rotated by 45∘ rotated by 45∘

<latexit sha1_base64="3niXrwg+j+EmTgld15c3hp/Blro=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL+aWgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjVq/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rw1p9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aV2VvetypVEpVWtZHHk4g3O4BA9uoAr3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AaQGjN0=</latexit>

I
<latexit sha1_base64="0cw5I9xkyl+TibxST5k14TJ+QjU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8RL+YWxTwgWcLsZDYZMju7zPQKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPdzUesWSW3bnIKvEy0gJMtR7xa9uP2ZpxBUySY3peG6C/oRqFEzyaaGbGp5QNqID3rFU0YgbfzK/dErOrNInYaxtKSRz9ffEhEbGjKPAdkYUh2bZm4n/eZ0Uw2t/IlSSIldssShMJcGYzN4mfaE5Qzm2hDIt7K2EDammDG04BRuCt/zyKmlelL3LcuW+UqrWsjjycAKncA4eXEEV7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wcrvo0o</latexit>

AI
<latexit sha1_base64="6eBAEY5S2vjEGGD32KrvVloCjzw=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrulqMeKF3urYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5DbzO09UaRbJBzONqS/wSLKQEWwy6eax2hiUym7FnQOtEi8nZcjRHJS++sOIJIJKQzjWuue5sfFTrAwjnM6K/UTTGJMJHtGepRILqv10fusMnVtliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeIo2BG/55VXSrla8y0rtvlauN/I4CnAKZ3ABHlxBHe6gCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHUUuNzA==</latexit>

A2I

Taylor model computation may also have wrapping effect: 
•Remainders are always represented as intervals. 
•Non-polynomial parts are always evaluated by interval arithmetic.



Using Symbolic Representations

Xin Chen and Sriram Sankaranarayanan. Decomposed Reachability Analysis for Nonlinear Systems. 
In Real-Time Systems Symposium (RTSS’16), pp. 13–24. IEEE, 2016.

g1(x)

f1(x) = A1 x + g1(x) f2(x) = A2 x + g2(x)

A1 x

A2 x

g2(x)

A2 x

g2(x)

We do not compute the the 
intervals out, but track their 
linear transformations.



Example: Spring Pendulum

Using Interval Remainders

Stepsize: 0.05, Order: 5, 
T = 30.

Cannot compute the 
next TM due to 

the too large 
overestimation.

Time cost: 18 seconds 
(M1 Mac)

Using Symbolic Remainders



Time-Triggered Switches

<latexit sha1_base64="ynHcURyUdjSFNf0sQZnmisU4zGA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtOu3WzC7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWDzhOuB/RgRKhYBSt1ERyTTy3V664VXcGsky8nFQgR71X/ur2Y5ZGXCGT1JiO5yboZ1SjYJJPSt3U8ISyER3wjqWKRtz42ezaCTmxSp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhMXyd9oTlDObaEMi3srYQNqaYMbUAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHNi58V5dz7mrQUnnzmEP3A+fwDwIY4R</latexit>

t = 10

<latexit sha1_base64="RuQA2XBNQbGS1Qx6tE3Tt859nRc=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUoiRd0IBTe6q2Af0IYwmU7aoZMHMzfSEvIrblwo4tYfceffOG2z0NYDFw7n3Dtz7/FiwRVY1rdRWFvf2Nwqbpd2dvf2D8zDcltFiaSsRSMRya5HFBM8ZC3gIFg3lowEnmAdb3w78ztPTCoehY8wjZkTkGHIfU4JaMk1y/1BBOkkwzfYd+3q5BzOXLNi1aw58Cqxc1JBOZqu+aUfoUnAQqCCKNWzrRiclEjgVLCs1E8UiwkdkyHraRqSgCknne+e4VOtDLAfSV0h4Ln6eyIlgVLTwNOdAYGRWvZm4n9eLwH/2kl5GCfAQrr4yE8EhgjPgsADLhkFMdWEUMn1rpiOiCQUdFwlHYK9fPIqaV/U7Mta/aFeadzncRTRMTpBVWSjK9RAd6iJWoiiCXpGr+jNyIwX4934WLQWjHzmCP2B8fkDWD2TXg==</latexit>

ẋ = f1(x, t)

<latexit sha1_base64="C4JH5wIT5hft/sHkf4WoFjr+QfM=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqSElKUTdCwY3uKtgHtCFMppN26OTBzI20hPyKGxeKuPVH3Pk3TtsstPXAhcM5987ce7xYcAWW9W2srW9sbm0Xdoq7e/sHh+ZRqa2iRFLWopGIZNcjigkeshZwEKwbS0YCT7CON76d+Z0nJhWPwkeYxswJyDDkPqcEtOSapf4ggnSS4Rvsu7XK5ALOXbNsVa058Cqxc1JGOZqu+aUfoUnAQqCCKNWzrRiclEjgVLCs2E8UiwkdkyHraRqSgCknne+e4TOtDLAfSV0h4Ln6eyIlgVLTwNOdAYGRWvZm4n9eLwH/2kl5GCfAQrr4yE8EhgjPgsADLhkFMdWEUMn1rpiOiCQUdFxFHYK9fPIqadeq9mW1/lAvN+7zOAroBJ2iCrLRFWqgO9RELUTRBD2jV/RmZMaL8W58LFrXjHzmGP2B8fkDWcaTXw==</latexit>

ẋ = f2(x, t)



State Feedback System

<latexit sha1_base64="2iiUU6Fu8cgKSu7IF0IEjsgdiyY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBBI8V7Qe0oWy2k3bpZhN2N4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvjVFpHssnM0nQj+hA8pAzaqz0OO6pXrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNTu8jiKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNu/Y3r</latexit>vr the interaction happens 
every  timeδc

<latexit sha1_base64="+GtEUKkHsrq7ojgrLLnnPfoC3KQ=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWoYKURIq6EQoiuKxgH9CGMplM2qGTBzMTaQnZ+CtuXCji1s9w5984bbPQ6oELh3Pu5d573JgzqSzryygsLa+srhXXSxubW9s75u5eS0aJILRJIh6Jjosl5SykTcUUp51YUBy4nLbd0fXUbz9QIVkU3qtJTJ0AD0LmM4KVlvrmQc8XmKQeGmeppzJ0hfzK+DQ56Ztlq2rNgP4SOydlyNHom589LyJJQENFOJaya1uxclIsFCOcZqVeImmMyQgPaFfTEAdUOunsgQwda8VDfiR0hQrN1J8TKQ6knASu7gywGspFbyr+53UT5V86KQvjRNGQzBf5CUcqQtM0kMcEJYpPNMFEMH0rIkOsE1E6s5IOwV58+S9pnVXt82rtrlau3+RxFOEQjqACNlxAHW6hAU0gkMETvMCr8Wg8G2/G+7y1YOQz+/ALxsc3aJuVpg==</latexit>

dx

dt
= f(x, u)

 u

<latexit sha1_base64="PT7XCWfZbLqwWqWGNIrtfe61+Fs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gPaUDbbTbt0Nwm7E7GU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGt5nfeuTaiDh6wHHCfUUHkQgFo5hJTxU865XKbtWdgSwTLydlyFHvlb66/ZilikfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMfSiCpu/Mns1ik5tUqfhLG2FSGZqb8nJlQZM1aB7VQUh2bRy8T/vE6K4bU/EVGSIo/YfFGYSoIxyR4nfaE5Qzm2hDIt7K2EDammDG08RRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWAwhGd4hTdHOS/Ou/Mxb11x8pkj+APn8weDwY3l</latexit>

x(t)

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="h/+ilk3+ayDCfF9Tk9cG4uvXE9Q=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKUY8FETxWsB/QXcpsmm1Ds9mYZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzQsmZNq777aytb2xubRd2irt7+weHpaPjlk5SRWiTJDxRnRA05UzQpmGG045UFOKQ03Y4up357TFVmiXi0UwkDWIYCBYxAsZKgT8CKaHik35iLnqlslt158CrxMtJGeVo9Epffj8haUyFIRy07nquNEEGyjDC6bTop5pKICMY0K6lAmKqg2x+9BSfW6WPo0TZEgbP1d8TGcRaT+LQdsZghnrZm4n/ed3URDdBxoRMDRVksShKOTYJniWA+0xRYvjEEiCK2VsxGYICYmxORRuCt/zyKmldVr2rau2hVq7f5XEU0Ck6QxXkoWtUR/eogZqIoCf0jF7RmzN2Xpx352PRuubkMyfoD5zPH0B5kcg=</latexit>

(·)

⋯

<latexit sha1_base64="Ri4DR/uLxpG3nloRnIWzgDSoJJU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSQ6fv9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2+Vqnf5nEU4QRO4Rw8uII63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfc5Y2K</latexit>

X0

<latexit sha1_base64="Sby/nAgtLu2CAHyDFGuDJiwK8c8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjxWsB/ShrLZTNqlu0nY3Qil9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBY+xabgR2EkVUhkIbAejm5nffkKleRI/mHGKvqSDmEecUWOlR94LURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0LqreZbV2X6vUb/M4inACp3AOHlxBHe6gAU1gIOEZXuHNUc6L8+58LFoLTj5zDH/gfP4A0aGQcA==</latexit>

i�c
<latexit sha1_base64="qlO+caeiniIcvqpo5j4irJwssck=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQD5ZEinos6MFjBfsBbSibzaRdutnE3U2hlP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz084U9pxvq3c2vrG5lZ+u7Czu7d/UDw8aqo4lRQbNOaxbPtEIWcCG5ppju1EIol8ji1/eDvzWyOUisXiUY8T9CLSFyxklGgjeWV24Z53A+Sa9GivWHIqzhz2KnEzUoIM9V7xqxvENI1QaMqJUh3XSbQ3IVIzynFa6KYKE0KHpI8dQwWJUHmT+dFT+8wogR3G0pTQ9lz9PTEhkVLjyDedEdEDtezNxP+8TqrDG2/CRJJqFHSxKEy5rWN7loAdMIlU87EhhEpmbrXpgEhCtcmpYEJwl19eJc3LintVqT5US7W7LI48nMAplMGFa6jBPdShARSe4Ble4c0aWS/Wu/WxaM1Z2cwx/IH1+QN2tZFH</latexit>

(i� 1)�c
<latexit sha1_base64="8oRj3RzKRNjVnnHjQx8sMDWqfmk=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQEUoiRT0W9OCxgv2ANpTNZtIu3Wzi7qZQSn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ5yecKe0431ZubX1jcyu/XdjZ3ds/KB4eNVWcSooNGvNYtn2ikDOBDc00x3YikUQ+x5Y/vJ35rRFKxWLxqMcJehHpCxYySrSRvDK7cM+7AXJNerRXLDkVZw57lbgZKUGGeq/41Q1imkYoNOVEqY7rJNqbEKkZ5TgtdFOFCaFD0seOoYJEqLzJ/OipfWaUwA5jaUpoe67+npiQSKlx5JvOiOiBWvZm4n9eJ9XhjTdhIkk1CrpYFKbc1rE9S8AOmESq+dgQQiUzt9p0QCSh2uRUMCG4yy+vkuZlxb2qVB+qpdpdFkceTuAUyuDCNdTgHurQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AFzmZFF</latexit>

(i+ 1)�c

(p(x0), I)

(q(y, τ), J)

(q(p(x0) + I, τ), J)

Deterministic flowmaps with time-triggered switches can 
be overapproximated by TMs using the standard 
flowpipe construction framework.



Example: Quadcopter

<latexit sha1_base64="OlBh0woV0mRIIlpqV23rzGa4xAc=">AAACIHicbVDLSgMxFM3UV62vUZdugkWoC8tMrZ0uFApuXFawD2iHIZNm2tDMgyQjLUM/xY2/4saFIrrTrzFtR9DWA7kczrmXm3vciFEhDeNTy6ysrq1vZDdzW9s7u3v6/kFThDHHpIFDFvK2iwRhNCANSSUj7YgT5LuMtNzh9dRv3RMuaBjcyXFEbB/1A+pRjKSSHN2KHRNeQatolkvVC+unwsLIOYdn0DxVpbRojpyKo+eNojEDXCZmSvIgRd3RP7q9EMc+CSRmSIiOaUTSThCXFDMyyXVjQSKEh6hPOooGyCfCTmYHTuCJUnrQC7l6gYQz9fdEgnwhxr6rOn0kB2LRm4r/eZ1YelU7oUEUSxLg+SIvZlCGcJoW7FFOsGRjRRDmVP0V4gHiCEuVaU6FYC6evEyaKr9KsXxbztcu0ziy4AgcgwIwgQVq4AbUQQNg8ACewAt41R61Z+1Ne5+3ZrR05hD8gfb1DXXpmoQ=</latexit>

u1 = 7.14285714285714(x3 � 1)� 2.14285714285714x6

<latexit sha1_base64="bGM1es5gJzhy9W2I8nv/KjBRVx0=">AAAB/HicbVDLSgNBEOyNrxhfqzl6GQyCl4RdDZqDQsCLxwjmAcmyzE4myZDZBzOzkmWJv+LFgyJe/RBv/o2TZA+aWNBQVHXT3eVFnEllWd9Gbm19Y3Mrv13Y2d3bPzAPj1oyjAWhTRLyUHQ8LClnAW0qpjjtRIJi3+O07Y1vZ377kQrJwuBBJRF1fDwM2IARrLTkmsXYvUA3qDxxa6iMJm5q21PXLFkVaw60SuyMlCBDwzW/ev2QxD4NFOFYyq5tRcpJsVCMcDot9GJJI0zGeEi7mgbYp9JJ58dP0alW+mgQCl2BQnP190SKfSkT39OdPlYjuezNxP+8bqwGNSdlQRQrGpDFokHMkQrRLAnUZ4ISxRNNMBFM34rICAtMlM6roEOwl19eJa3zin1Zqd5XS/XrLI48HMMJnIENV1CHO2hAEwgk8Ayv8GY8GS/Gu/GxaM0Z2UwR/sD4/AGUVZLK</latexit>u3 = �x8 � x11

<latexit sha1_base64="pJmmsmaQqj0bFILtqSAbT/rvzVE=">AAAB/HicbVDJSgNBEK2JW4zbaI5eGoPgJWEmBONBIeDFYwSzQDIMPZ2epEnPQnePZBjir3jxoIhXP8Sbf2NnOWjig4LHe1VU1fNizqSyrG8jt7G5tb2T3y3s7R8cHpnHJ20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8ca3M7/zSIVkUfig0pg6AR6GzGcEKy25ZjFxq+gGlSduHZXRxM1sa+qaJatizYHWib0kJVii6Zpf/UFEkoCGinAsZc+2YuVkWChGOJ0W+omkMSZjPKQ9TUMcUOlk8+On6FwrA+RHQleo0Fz9PZHhQMo08HRngNVIrnoz8T+vlyj/yslYGCeKhmSxyE84UhGaJYEGTFCieKoJJoLpWxEZYYGJ0nkVdAj26svrpF2t2JeV2n2t1LhexpGHUziDC7ChDg24gya0gEAKz/AKb8aT8WK8Gx+L1pyxnCnCHxifP4+vksc=</latexit>u2 = �x7 � x10

Feedback Law (applied every 0.1 seconds):

Time cost: 4.8 seconds (M1 Mac)



Other Operations on Taylor Models

• Intersection. When a condition is associated with a switch, we need to find out all 
TMs that satisfy the condition. 

• Union. When several switches may be performed nondeterministically, we sometimes 
need to merge the TMs to reduce the time cost.

However we are not going to use them in this course.



Flow* Toolbox -  
A Platform for Modeling and Analysis of Cyber-Physical Systems



Brief Introduction
• Formal verification tool for time-bounded reachability analysis and safety verification. 

• Discrete, continuous and hybrid dynamical systems. 

• Using Taylor models, intervals, zonotopes, and convex polyhedra as set 
representations. 

• The first version was released in 2013 [RTSS’12, CAV’13]. 

• Version 1.2.0 was released in 2015 (Performance improvement). 

• Version 2.1.0 was released in 2017 (Performance improvement and new features 
[RTSS’16, EMSOFT’17]). 

• Toolbox version will be released soon. (Re-designed data structures, new features, 
significant performance improvement).



Website of the Tool

[https://github.com/chenxin415/flowstar]

https://github.com/chenxin415/flowstar


How to Use the Toolbox?

Compilation of the source 
code of Flow* toolbox.

Run this executable file to 
obtain the verification result.

Online Verification for a Racing Car. [IROS’20]



Data Structures (Toolbox Version)
Linear Flowmap 

Abstraction

MatrixUnivariate 
Polynomial

Interval

Real

Expression

Zonotope

Constraint

Univariate 
Taylor Model

Flowpipe

Taylor Model 
Vector

Polynomial

Taylor Model

Linear 
Dynamics

Nonlinear 
Dynamics



Conservativeness
• Polynomial coefficients - It is unnecessary to represent all real numbers as intervals. 

We only need to ensure that a transformation from a TM  regarding to 
 produces a TM  which is guaranteed to contain the actual result. 

• In Flow*, the roundoff errors in flowpipe construction for nonlinear ODE is 
considered in the remainders. The only transformation is composing two TMs 

 such that  is already guaranteed to contain the roundoff error when 
the contractiveness of the Picard operation on  is verified. 

• In Flow*, roundoff errors are taken into account in a range overapproximation of 
TMs. Every resulting real value is calculated as an interval. 

• In Flow*, roundoff errors are taken into account in safety verification. 

• Whether or not considering roundoff errors in other operations can be decided by users. 

π(p(x) + I)
x ∈ D q(x) + J

q(p(x) + I, t) + J J
p(x) + I



Installation

• The following GNU open-source libraries should be pre-installed: 

M4, GMP, MPFR, GSL, GLPK, BISON, FLEX 

most of them are available at https://ftp.gnu.org/. All of them can be compiled and 
installed using the 3 steps: ./configure, make, and make install. 

• Flow* requires GCC 8.0 or later versions. 

• The source code of Flow* can be compiled by simply running make. If it is 
successful, a file named libflowstar.a will be created.

https://ftp.gnu.org/


Modeling a Simple Reachability Problem

<latexit sha1_base64="9ze3twLyYGykbfXcirprO5PFs9M=">AAACIXicbVDLSgMxFM34tr6qLt0Ei1AXlhkp2o0guNGdgq1Cp5ZMmqnBTDImd6QlzK+48VfcuFDEnfgzpo+FWg8Ezj3nXm7uiVLBDfj+pzc1PTM7N7+wWFhaXlldK65vNIzKNGV1qoTS1xExTHDJ6sBBsOtUM5JEgl1FdycD/+qBacOVvIR+yloJ6Uoec0rASe1iLewosL0cH+EA7+HQcFnu7eIw1oTa0NxrsKFQXafluWU3NqTKDIt2seRX/CHwJAnGpITGOG8XP9wqmiVMAhXEmGbgp9CyRAOnguWFMDMsJfSOdFnTUUkSZlp2eGGOd5zSwbHS7knAQ/XnhCWJMf0kcp0JgVvz1xuI/3nNDOJay3KZZsAkHS2KM4FB4UFcuMM1oyD6jhCqufsrprfEhQMu1IILIfh78iRp7FeCg0r1olo6PhvHsYC20DYqowAdomN0is5RHVH0iJ7RK3rznrwX7937GLVOeeOZTfQL3tc3ipWjOg==</latexit>

ẋ = 1� sin(x)

p
log(x)

ecos(x)
ODE:

Initial Set:
<latexit sha1_base64="fz0OqfJls+Vab800dtq7P9o+kTc=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCBFl2Q9QcA170FsE8YLOE2ckkGTI7u8zMSkLIr3jxoIhXf8Sbf+PkcdDEgoaiqpvurjDhTGnX/bYyG5tb2zvZ3dze/sHhkX2cb6g4lYTWScxj2QqxopwJWtdMc9pKJMVRyGkzHN7O/OYTlYrF4lGPExpEuC9YjxGsjdSx86Oie4HaTCC/7FQur5xS0LELruPOgdaJtyQFWKLWsb/a3ZikERWacKyU77mJDiZYakY4nebaqaIJJkPcp76hAkdUBZP57VN0bpQu6sXSlNBorv6emOBIqXEUms4I64Fa9Wbif56f6l4lmDCRpJoKsljUSznSMZoFgbpMUqL52BBMJDO3IjLAEhNt4sqZELzVl9dJo+R41075oVyo3i/jyMIpnEERPLiBKtxBDepAYATP8Apv1tR6sd6tj0VrxlrOnMAfWJ8/GmyR7g==</latexit>

x(0) 2 [4.8, 5.2]

Flow* Setting:  stepsize: 0.02, order: 5 
                          cutoff: 1e-10

Time cost: 1.8 seconds (M1 Mac)



Exercises

1. Compile and run the tool Flow*. 

2. Use Flow* to compute the reachable set of the Van der Pol oscillator: 

,   

     from the initial set . 

3. Try some different settings in Flow* and compare the results to CAPD. 

·x = y ·y = (1 − x2)y − x

x(0) ∈ [1.35,1.55], y(0) ∈ [2.35,2.45]



Reading Assignments

• Polynomial Regression. 

• Polynomial Interpolation. 

• Bernstein Polynomial. 

• Feedforward Neural Network.


