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Cyber-Physical System (CPS)

Sensor(s)

Actuator(s)

Estimator

Computer program

Physical process: change of velocity, voltage, 
altitude, pitch angle, glucose level, …

data transfer 
happens every  time.δ



CPS can be both simple and complex.

Henk Jan Bergveld, Wanda S. Kruijt, Peter H. L. Notten. Battery Management Systems: Design by Modelling. Springer 2002.

I, V

Vin

Properties: battery is charged, battery’s lifespan is not reduced, battery is not overcharged, …



What to describe?

Sensor(s)

Actuator(s)

Estimator

• Semantics of the program.


• Values of the variables.


• Exceptions.


• Maximum time cost.

Values of the variables.


Dependency of the variables.


Continuous dynamics.


Update of the dynamics.

Computer program

Physical process

Sensing noise, estimation error

Actuating error



What to verify?

Sensor(s)

Actuator(s)

Estimator

Goal of verification: 

The physical process does not have 
any unsafe behavior (executions) 
under the control of the program.

Computer program

Physical process

V

t

Properties to verify: 

• Safety - An unsafe situation 
should never happen. 

• Reachability - The control target 
should eventually be reached. 



Example: Artificial Pancreas

Safety: Ketoacidosis never happens in 24 hours.

Reachability: The glucose level should be 
regulated to a normal range.



Safety Verification via Reachability Analysis

Set of Initial States

Unsafe States

• Hybrid dynamics. 

• Infinitely executions. 

• Property verification on reachable sets.

Hardness:



Outline

• Formal Model of State Feedback System. 

• System Executions. 

• Reachable Set Computation by Set Propagation. 

• Set Representations. 

• Reachable Set Computation.



Formal Model of State Feedback Systems

Sensor(s)

Actuator(s)

Estimator

Computer program

Physical process

Formalization

<latexit sha1_base64="+GtEUKkHsrq7ojgrLLnnPfoC3KQ=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWoYKURIq6EQoiuKxgH9CGMplM2qGTBzMTaQnZ+CtuXCji1s9w5984bbPQ6oELh3Pu5d573JgzqSzryygsLa+srhXXSxubW9s75u5eS0aJILRJIh6Jjosl5SykTcUUp51YUBy4nLbd0fXUbz9QIVkU3qtJTJ0AD0LmM4KVlvrmQc8XmKQeGmeppzJ0hfzK+DQ56Ztlq2rNgP4SOydlyNHom589LyJJQENFOJaya1uxclIsFCOcZqVeImmMyQgPaFfTEAdUOunsgQwda8VDfiR0hQrN1J8TKQ6knASu7gywGspFbyr+53UT5V86KQvjRNGQzBf5CUcqQtM0kMcEJYpPNMFEMH0rIkOsE1E6s5IOwV58+S9pnVXt82rtrlau3+RxFOEQjqACNlxAHW6hAU0gkMETvMCr8Wg8G2/G+7y1YOQz+/ALxsc3aJuVpg==</latexit>

dx

dt
= f(x, u)

Ordinary Differential Equation (ODE) 
of  and x u

finite state machine 
computing  based on u g(x)

 g(x)  u

: state variable(s) 
: control variable(s)

x
u



System Execution

<latexit sha1_base64="+GtEUKkHsrq7ojgrLLnnPfoC3KQ=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWoYKURIq6EQoiuKxgH9CGMplM2qGTBzMTaQnZ+CtuXCji1s9w5984bbPQ6oELh3Pu5d573JgzqSzryygsLa+srhXXSxubW9s75u5eS0aJILRJIh6Jjosl5SykTcUUp51YUBy4nLbd0fXUbz9QIVkU3qtJTJ0AD0LmM4KVlvrmQc8XmKQeGmeppzJ0hfzK+DQ56Ztlq2rNgP4SOydlyNHom589LyJJQENFOJaya1uxclIsFCOcZqVeImmMyQgPaFfTEAdUOunsgQwda8VDfiR0hQrN1J8TKQ6knASu7gywGspFbyr+53UT5V86KQvjRNGQzBf5CUcqQtM0kMcEJYpPNMFEMH0rIkOsE1E6s5IOwV58+S9pnVXt82rtrlau3+RxFOEQjqACNlxAHW6hAU0gkMETvMCr8Wg8G2/G+7y1YOQz+/ALxsc3aJuVpg==</latexit>

dx

dt
= f(x, u)

 g(x)  u

<latexit sha1_base64="PT7XCWfZbLqwWqWGNIrtfe61+Fs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gPaUDbbTbt0Nwm7E7GU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGt5nfeuTaiDh6wHHCfUUHkQgFo5hJTxU865XKbtWdgSwTLydlyFHvlb66/ZilikfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMfSiCpu/Mns1ik5tUqfhLG2FSGZqb8nJlQZM1aB7VQUh2bRy8T/vE6K4bU/EVGSIo/YfFGYSoIxyR4nfaE5Qzm2hDIt7K2EDammDG08RRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWAwhGd4hTdHOS/Ou/Mxb11x8pkj+APn8weDwY3l</latexit>

x(t)

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t
<latexit sha1_base64="EYu3IDs1a+PU0cwLF0hZr0Z1Oyw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN1P/4YlrIxJ1j+OU+zEdKBEJRtFKnV7IJdI+61drbt2dgSwTryA1KNDsV796YcKymCtkkhrT9dwU/ZxqFEzySaWXGZ5SNqID3rVU0ZgbP5/dOyEnVglJlGhbCslM/T2R09iYcRzYzpji0Cx6U/E/r5thdOXnQqUZcsXmi6JMEkzI9HkSCs0ZyrEllGlhbyVsSDVlaCOq2BC8xZeXSfus7l3UvbvzWuO6iKMMR3AMp+DBJTTgFprQAgYSnuEV3pxH58V5dz7mrSWnmDmEP3A+fwAIs4/4</latexit>

�c
<latexit sha1_base64="F4EuHe5hGkNNM+XIDPAXaKpFDew=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ie0oWw2k3bpbhJ2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwWNsGm4EdlKFVAYC28Hodua3n1BpnsQPZpyiL+kg5hFn1FjpsdYLURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0alXvsurdX1TqN3kcRTiBUzgHD66gDnfQgCYwkPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8Aev2QNA==</latexit>

2�c
<latexit sha1_base64="GZj2Xk8R3SSAvfk4lYYMAnaEb+M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+yFtKJvNtl26uwm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80TZxqyho0FrFuh8QwwRVrIEfB2olmRIaCtcLR7dRvPTFteKwecJywQJKB4n1OCVrp8bwbMYGkR3vlilf1ZnCXiZ+TCuSo98pf3SimqWQKqSDGdHwvwSAjGjkVbFLqpoYlhI7IgHUsVUQyE2SzgyfuiVUitx9rWwrdmfp7IiPSmLEMbackODSL3lT8z+uk2L8OMq6SFJmi80X9VLgYu9Pv3YhrRlGMLSFUc3urS4dEE4o2o5INwV98eZk0z6r+ZdW/v6jUbvI4inAEx3AKPlxBDe6gDg2gIOEZXuHN0c6L8+58zFsLTj5zCH/gfP4AfImQNQ==</latexit>

3�c
<latexit sha1_base64="l6SiZ3ntoMlaaOTsMOr9jKdnASU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWw2k3bpbhJ2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwWNsGm4EdlKFVAYC28Hodua3n1BpnsQPZpyiL+kg5hFn1FjpsdYLURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0LqreZdW7r1XqN3kcRTiBUzgHD66gDnfQgCYwkPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8AfhWQNg==</latexit>

4�c
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="h/+ilk3+ayDCfF9Tk9cG4uvXE9Q=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKUY8FETxWsB/QXcpsmm1Ds9mYZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzQsmZNq777aytb2xubRd2irt7+weHpaPjlk5SRWiTJDxRnRA05UzQpmGG045UFOKQ03Y4up357TFVmiXi0UwkDWIYCBYxAsZKgT8CKaHik35iLnqlslt158CrxMtJGeVo9Epffj8haUyFIRy07nquNEEGyjDC6bTop5pKICMY0K6lAmKqg2x+9BSfW6WPo0TZEgbP1d8TGcRaT+LQdsZghnrZm4n/ed3URDdBxoRMDRVksShKOTYJniWA+0xRYvjEEiCK2VsxGYICYmxORRuCt/zyKmldVr2rau2hVq7f5XEU0Ck6QxXkoWtUR/eogZqIoCf0jF7RmzN2Xpx352PRuubkMyfoD5zPH0B5kcg=</latexit>

(·)

control stepsize

solution of the ODE
<latexit sha1_base64="yF+QencqLShxBsgT+ic9otUGGeE=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQQUqmlNouhIIuXFawD2iHIZNm2tDMgyQjLcP8ihsXirj1R9z5N2baCip64MLhnHuTe48bcSYVQh9Gbm19Y3Mrv13Y2d3bPzAPi10ZxoLQDgl5KPoulpSzgHYUU5z2I0Gx73Lac6dXmd+7p0KyMLhT84jaPh4HzGMEKy05ZnE4ClUyS+El9Mqz89hBZ45ZQhWkUa/DjFgNZGnSbDaq1Sa0FhZCJbBC2zHf9SMk9mmgCMdSDiwUKTvBQjHCaVoYxpJGmEzxmA40DbBPpZ0sdk/hqVZG0AuFrkDBhfp9IsG+lHPf1Z0+VhP528vEv7xBrLyGnbAgihUNyPIjL+ZQhTALAo6YoETxuSaYCKZ3hWSCBSZKx1XQIXxdCv8n3WrFqldqt7VS63oVRx4cgxNQBha4AC1wA9qgAwiYgQfwBJ6N1Hg0XozXZWvOWM0cgR8w3j4BrkOTlg==</latexit>

ẋ = f(x, u0)
<latexit sha1_base64="qfv5oYYLf+Y0lVaB1bwoz7X2uKs="></latexit>

ui = (g(x(i�c)))



System Execution

<latexit sha1_base64="PT7XCWfZbLqwWqWGNIrtfe61+Fs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gPaUDbbTbt0Nwm7E7GU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGt5nfeuTaiDh6wHHCfUUHkQgFo5hJTxU865XKbtWdgSwTLydlyFHvlb66/ZilikfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMfSiCpu/Mns1ik5tUqfhLG2FSGZqb8nJlQZM1aB7VQUh2bRy8T/vE6K4bU/EVGSIo/YfFGYSoIxyR4nfaE5Qzm2hDIt7K2EDammDG08RRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWAwhGd4hTdHOS/Ou/Mxb11x8pkj+APn8weDwY3l</latexit>

x(t)

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t
<latexit sha1_base64="EYu3IDs1a+PU0cwLF0hZr0Z1Oyw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN1P/4YlrIxJ1j+OU+zEdKBEJRtFKnV7IJdI+61drbt2dgSwTryA1KNDsV796YcKymCtkkhrT9dwU/ZxqFEzySaWXGZ5SNqID3rVU0ZgbP5/dOyEnVglJlGhbCslM/T2R09iYcRzYzpji0Cx6U/E/r5thdOXnQqUZcsXmi6JMEkzI9HkSCs0ZyrEllGlhbyVsSDVlaCOq2BC8xZeXSfus7l3UvbvzWuO6iKMMR3AMp+DBJTTgFprQAgYSnuEV3pxH58V5dz7mrSWnmDmEP3A+fwAIs4/4</latexit>

�c
<latexit sha1_base64="F4EuHe5hGkNNM+XIDPAXaKpFDew=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ie0oWw2k3bpbhJ2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwWNsGm4EdlKFVAYC28Hodua3n1BpnsQPZpyiL+kg5hFn1FjpsdYLURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0alXvsurdX1TqN3kcRTiBUzgHD66gDnfQgCYwkPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8Aev2QNA==</latexit>

2�c
<latexit sha1_base64="GZj2Xk8R3SSAvfk4lYYMAnaEb+M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+yFtKJvNtl26uwm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80TZxqyho0FrFuh8QwwRVrIEfB2olmRIaCtcLR7dRvPTFteKwecJywQJKB4n1OCVrp8bwbMYGkR3vlilf1ZnCXiZ+TCuSo98pf3SimqWQKqSDGdHwvwSAjGjkVbFLqpoYlhI7IgHUsVUQyE2SzgyfuiVUitx9rWwrdmfp7IiPSmLEMbackODSL3lT8z+uk2L8OMq6SFJmi80X9VLgYu9Pv3YhrRlGMLSFUc3urS4dEE4o2o5INwV98eZk0z6r+ZdW/v6jUbvI4inAEx3AKPlxBDe6gDg2gIOEZXuHN0c6L8+58zFsLTj5zCH/gfP4AfImQNQ==</latexit>

3�c
<latexit sha1_base64="l6SiZ3ntoMlaaOTsMOr9jKdnASU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWw2k3bpbhJ2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwWNsGm4EdlKFVAYC28Hodua3n1BpnsQPZpyiL+kg5hFn1FjpsdYLURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0LqreZdW7r1XqN3kcRTiBUzgHD66gDnfQgCYwkPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8AfhWQNg==</latexit>

4�c
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

control stepsize

solution of the ODE
<latexit sha1_base64="yF+QencqLShxBsgT+ic9otUGGeE=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQQUqmlNouhIIuXFawD2iHIZNm2tDMgyQjLcP8ihsXirj1R9z5N2baCip64MLhnHuTe48bcSYVQh9Gbm19Y3Mrv13Y2d3bPzAPi10ZxoLQDgl5KPoulpSzgHYUU5z2I0Gx73Lac6dXmd+7p0KyMLhT84jaPh4HzGMEKy05ZnE4ClUyS+El9Mqz89hBZ45ZQhWkUa/DjFgNZGnSbDaq1Sa0FhZCJbBC2zHf9SMk9mmgCMdSDiwUKTvBQjHCaVoYxpJGmEzxmA40DbBPpZ0sdk/hqVZG0AuFrkDBhfp9IsG+lHPf1Z0+VhP528vEv7xBrLyGnbAgihUNyPIjL+ZQhTALAo6YoETxuSaYCKZ3hWSCBSZKx1XQIXxdCv8n3WrFqldqt7VS63oVRx4cgxNQBha4AC1wA9qgAwiYgQfwBJ6N1Hg0XozXZWvOWM0cgR8w3j4BrkOTlg==</latexit>

ẋ = f(x, u0)
<latexit sha1_base64="qfv5oYYLf+Y0lVaB1bwoz7X2uKs="></latexit>

ui = (g(x(i�c)))•  is a function from the state space  
to the control space . 

•  is at least locally Lipschitz 
continuous, i.e., the solution is unique 
w.r.t. any  and . 

• Evaluating  for any  
costs no time. 

• Hence, all executions are 
deterministic when there is no 
disturbances.

κ X
U

f(x, u)

x ∈ X u ∈ U

κ(g(x)) x ∈ X

Assumptions:



Example: Cruise Control

position: x

velocity:  
acceleration: 

v
u

Physical process

<latexit sha1_base64="q78h3KARDW/HWNQhV334XshlcmY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1I1QEMFlBfuA6VAyaaYNzSRDcqdYhn6GGxeKuPVr3Pk3pu0stPVA4HDOPeTeEyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yyJnAQrJNoRuJQsHY4up357THThiv5CJOEBTEZSB5xSsBKfrevIHua4hs87pUrbtWdA68SLycVlKPRK3/ZNE1jJoEKYozvuQkEGdHAqWDTUjc1LCF0RAbMt1SSmJkgm688xWdW6eNIafsk4Ln6O5GR2JhJHNrJmMDQLHsz8T/PTyG6DjIukxSYpIuPolRgUHh2P+5zzSiIiSWEam53xXRINKFgWyrZErzlk1dJ66LqXVZrD7VK/S6vo4hO0Ck6Rx66QnV0jxqoiShS6Bm9ojcHnBfn3flYjBacPHOM/sD5/AHU2ZD6</latexit>

ẋ = v
<latexit sha1_base64="AnX/iSEUmReYaQiUOzOr6M1fTWg=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuhIILLCvYB06Fk0rQNzWSG5E6hDP0MNy4UcevXuPNvTNtZaOuBwOGce8i9J0ykMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2casYbLJaxbofUcCkUb6BAyduJ5jQKJW+Fo7uZ3xpzbUSsnnCS8CCiAyX6glG0kt/pxZiNp+SWpN1yxa26c5BV4uWkAjnq3fKXTbM04gqZpMb4nptgkFGNgkk+LXVSwxPKRnTAfUsVjbgJsvnKU3JmlR7px9o+hWSu/k5kNDJmEoV2MqI4NMveTPzP81Ps3wSZUEmKXLHFR/1UEozJ7H7SE5ozlBNLKNPC7krYkGrK0LZUsiV4yyevkuZF1buqXj5eVmr3eR1FOIFTOAcPrqEGD1CHBjCI4Rle4c1B58V5dz4WowUnzxzDHzifP9BDkPc=</latexit>

v̇ = u

Computer program

<latexit sha1_base64="CM+LGDkHbzc58jBY+xFiqs1egSQ=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgxjIjRd0IBRFcVrAPmA4lk2ba0EwyJJlCGfoZblwo4tavceffmLaz0NYDCYdz7uXee8KEM21c99sprK1vbG4Vt0s7u3v7B+XDo5aWqSK0SSSXqhNiTTkTtGmY4bSTKIrjkNN2OLqb+e0xVZpJ8WQmCQ1iPBAsYgQbK/kpukXjnkIX9i9X3Ko7B1olXk4qkKPRK391+5KkMRWGcKy177mJCTKsDCOcTkvdVNMEkxEeUN9SgWOqg2y+8hSdWaWPIqnsEwbN1d8dGY61nsShrYyxGeplbyb+5/mpiW6CjIkkNVSQxaAo5chINLsf9ZmixPCJJZgoZndFZIgVJsamVLIheMsnr5LWZdW7qtYea5X6fR5HEU7gFM7Bg2uowwM0oAkEJDzDK7w5xnlx3p2PRWnByXuO4Q+czx9r9ZAQ</latexit>u = vr � v

: reference<latexit sha1_base64="2iiUU6Fu8cgKSu7IF0IEjsgdiyY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBBI8V7Qe0oWy2k3bpZhN2N4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvjVFpHssnM0nQj+hA8pAzaqz0OO6pXrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndVvXy4rNTu8jiKcAKncA4eXEMN7qEODWAwgGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNu/Y3r</latexit>vr

every 0.5 seconds
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Ordinary Differential Equation
Definition:                 
 is the state variable(s),  is the time variable. 

Example: Van der Pol Oscillator 
                  ,  

·x = f(x, t)
x t

·x = y ·y = (1 − x2)y − x

Solution w.r.t. : 

 and .

x(0) = x0

x(t) = φf(x0, t,0)
dφf

dt
= f(x, t)
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Initial Value Problem (IVP)
An IVP asks to find the solution  to an ODE  together with an initial condition .φf

·x = f(x, t) x(0) = x0

• When the ODE is linear in the state variables, e.g., , it has closed-form solutions, e.g.,

. 

• When the ODE is nonlinear in the state variables, it often does not have closed-form solutions. 

• Nonlinear ODEs are often solved by numerical approaches.

·x = Ax + b

φf(x0, t,0) = eAtx0 + ∫
t

0
eA(t−τ)bdτ

General solution form w.r.t. :x(t0) = x0
<latexit sha1_base64="rbpH+71kPGsWh1XiRYWredDlFIY="></latexit>

'f (x0, t, t0) = x0 +

Z t

t0

f('f (x0, ⌧, t0), ⌧)d⌧



Numerical Integration

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t

<latexit sha1_base64="lVPl0yBB0kDWTyQn+VOg6nesVBs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqxoAePFewHtEvJptk2NpssSVYsS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0fXUbz1SpZkU92YcUz/CA8FCRrCxUjMsP52Z016x5FbcGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGVnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPK94F5XqXbVUu8niyMMRHEMZPLiEGtxCHRpA4AGe4RXeHOm8OO/Ox7w152Qzh/AHzucPrySOkA==</latexit>

f(x, t)

<latexit sha1_base64="xWRwMJAPYw/a3SjxXxTe3fFm7Zw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BQTwmYB6QLGF20puMmZ1dZmaFsAS8e/GgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1Fip7vaKJbfszkBWibcgJVig1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2LsuVeqVUvX2ax5GHEziFc/DgCqpwBzVoAAOEZ3iFN+fBeXHenY95a85ZRHgMf+B8/gCjO41B</latexit>

0

<latexit sha1_base64="tUD/9GupLncOPHKBfXa0ornn8ng=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcqMFHVZEMRlBfuAdiyZNNOGZjJDckcspeDCjb/ixoUibv0Fd/6NmbYLbT2Q5HDODffe48eCa3CcbyuzsLi0vJJdza2tb2xu2ds7NR0lirIqjUSkGj7RTHDJqsBBsEasGAl9wep+/yL163dMaR7JGxjEzAtJV/KAUwJGatv7LS6h7dwCDgr3hRaQ5Oh4fONO+rTtvFN0xsDzxJ2SPJqi0ra/Wp2IJiGTQAXRuuk6MXhDooBTwUa5VqJZTGifdFnTUElCpr3heI8RPjRKBweRMkcCHqu/fwxJqPUg9E1lSKCnZ71U/M9rJhCce0Mu4wSYpJNGQSIwRDgNBXe4YhTEwBBCFTezYtojilAw0eVMCO7syvOkdlJ0T4ul61K+fPkwiSOL9tABKiAXnaEyukIVVEUUPaJn9IrerCfrxXq3PialGWsa4S76A+vzBzOMmK4=</latexit>Z t

0
f(x(⌧), ⌧)d⌧

• The result is an approximation to the actual solution at finitely many time instances. 

• Methods: Euler method, Taylor method, Runge–Kutta methods, …



Verified Integration

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t

<latexit sha1_base64="lVPl0yBB0kDWTyQn+VOg6nesVBs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqxoAePFewHtEvJptk2NpssSVYsS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0fXUbz1SpZkU92YcUz/CA8FCRrCxUjMsP52Z016x5FbcGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGVnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPK94F5XqXbVUu8niyMMRHEMZPLiEGtxCHRpA4AGe4RXeHOm8OO/Ox7w152Qzh/AHzucPrySOkA==</latexit>

f(x, t)

<latexit sha1_base64="xWRwMJAPYw/a3SjxXxTe3fFm7Zw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BQTwmYB6QLGF20puMmZ1dZmaFsAS8e/GgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1Fip7vaKJbfszkBWibcgJVig1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2LsuVeqVUvX2ax5GHEziFc/DgCqpwBzVoAAOEZ3iFN+fBeXHenY95a85ZRHgMf+B8/gCjO41B</latexit>

0

<latexit sha1_base64="tUD/9GupLncOPHKBfXa0ornn8ng=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcqMFHVZEMRlBfuAdiyZNNOGZjJDckcspeDCjb/ixoUibv0Fd/6NmbYLbT2Q5HDODffe48eCa3CcbyuzsLi0vJJdza2tb2xu2ds7NR0lirIqjUSkGj7RTHDJqsBBsEasGAl9wep+/yL163dMaR7JGxjEzAtJV/KAUwJGatv7LS6h7dwCDgr3hRaQ5Oh4fONO+rTtvFN0xsDzxJ2SPJqi0ra/Wp2IJiGTQAXRuuk6MXhDooBTwUa5VqJZTGifdFnTUElCpr3heI8RPjRKBweRMkcCHqu/fwxJqPUg9E1lSKCnZ71U/M9rJhCce0Mu4wSYpJNGQSIwRDgNBXe4YhTEwBBCFTezYtojilAw0eVMCO7syvOkdlJ0T4ul61K+fPkwiSOL9tABKiAXnaEyukIVVEUUPaJn9IrerCfrxXq3PialGWsa4S76A+vzBzOMmK4=</latexit>Z t

0
f(x(⌧), ⌧)d⌧

• The result consists of finitely many sets and is guaranteed to contain the exact solution. 

• The method also handles a set of initial states. 

• Set representations: intervals, interval Taylor series, Taylor models.



Reachable Set Computation by Set Propagation
<latexit sha1_base64="PT7XCWfZbLqwWqWGNIrtfe61+Fs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gPaUDbbTbt0Nwm7E7GU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGt5nfeuTaiDh6wHHCfUUHkQgFo5hJTxU865XKbtWdgSwTLydlyFHvlb66/ZilikfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMfSiCpu/Mns1ik5tUqfhLG2FSGZqb8nJlQZM1aB7VQUh2bRy8T/vE6K4bU/EVGSIo/YfFGYSoIxyR4nfaE5Qzm2hDIt7K2EDammDG08RRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWAwhGd4hTdHOS/Ou/Mxb11x8pkj+APn8weDwY3l</latexit>

x(t)

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t
<latexit sha1_base64="EYu3IDs1a+PU0cwLF0hZr0Z1Oyw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN1P/4YlrIxJ1j+OU+zEdKBEJRtFKnV7IJdI+61drbt2dgSwTryA1KNDsV796YcKymCtkkhrT9dwU/ZxqFEzySaWXGZ5SNqID3rVU0ZgbP5/dOyEnVglJlGhbCslM/T2R09iYcRzYzpji0Cx6U/E/r5thdOXnQqUZcsXmi6JMEkzI9HkSCs0ZyrEllGlhbyVsSDVlaCOq2BC8xZeXSfus7l3UvbvzWuO6iKMMR3AMp+DBJTTgFprQAgYSnuEV3pxH58V5dz7mrSWnmDmEP3A+fwAIs4/4</latexit>

�c
<latexit sha1_base64="F4EuHe5hGkNNM+XIDPAXaKpFDew=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ie0oWw2k3bpbhJ2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwWNsGm4EdlKFVAYC28Hodua3n1BpnsQPZpyiL+kg5hFn1FjpsdYLURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0alXvsurdX1TqN3kcRTiBUzgHD66gDnfQgCYwkPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8Aev2QNA==</latexit>

2�c
<latexit sha1_base64="GZj2Xk8R3SSAvfk4lYYMAnaEb+M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+yFtKJvNtl26uwm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80TZxqyho0FrFuh8QwwRVrIEfB2olmRIaCtcLR7dRvPTFteKwecJywQJKB4n1OCVrp8bwbMYGkR3vlilf1ZnCXiZ+TCuSo98pf3SimqWQKqSDGdHwvwSAjGjkVbFLqpoYlhI7IgHUsVUQyE2SzgyfuiVUitx9rWwrdmfp7IiPSmLEMbackODSL3lT8z+uk2L8OMq6SFJmi80X9VLgYu9Pv3YhrRlGMLSFUc3urS4dEE4o2o5INwV98eZk0z6r+ZdW/v6jUbvI4inAEx3AKPlxBDe6gDg2gIOEZXuHN0c6L8+58zFsLTj5zCH/gfP4AfImQNQ==</latexit>

3�c
<latexit sha1_base64="l6SiZ3ntoMlaaOTsMOr9jKdnASU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWw2k3bpbhJ2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwWNsGm4EdlKFVAYC28Hodua3n1BpnsQPZpyiL+kg5hFn1FjpsdYLURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0LqreZdW7r1XqN3kcRTiBUzgHD66gDnfQgCYwkPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8AfhWQNg==</latexit>

4�c
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="mQ5Ve691yizyc4Hs/wg2PxSWXXo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DgniMaB6QLGF2MpsMmZ1dZnqFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1ybUSsHnCccD+iAyVCwSha6b7dc3vFklt2ZyCrxFuQEixQ7xW/uv2YpRFXyCQ1puO5CfoZ1SiY5JNCNzU8oWxEB7xjqaIRN342O3VCzqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz7E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqaF2WvWq7cVUq1m6d5HHk4gVM4Bw8uoQa3UIcGMBjAM7zCmyOdF+fd+Zi35pxFhMfwB87nDwOOjgw=</latexit>

X0

Xin Chen and Sriram Sankaranarayanan. Reachability Analysis for Cyber-Physical Systems: Are We There Yet?. 
In NASA Formal Methods (NFM), volume 13260 of LNCS, pp. 109–130. Springer, 2022.

• Compute a set that is guaranteed to 
contain all executions in the next 
control step. 

• Contract the set to only contain the 
reachable states at the end of the 
step. 

• Repeat the above two steps.

<latexit sha1_base64="ynDqYgeZNoHTw3veRSxGPvmBuhU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DgniMaB6QLGF2MpsMmZ1dZnqFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1ybUSsHnCccD+iAyVCwSha6b7d83rFklt2ZyCrxFuQEixQ7xW/uv2YpRFXyCQ1puO5CfoZ1SiY5JNCNzU8oWxEB7xjqaIRN342O3VCzqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz7E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqaF2WvWq7cVUq1m6d5HHk4gVM4Bw8uoQa3UIcGMBjAM7zCmyOdF+fd+Zi35pxFhMfwB87nDwUSjg0=</latexit>

X1

Time-bounded Reachability:



Necessary Operations in Set Propagation

• Verified integration of ODEs. (Already know.) 

• Switching continuous dynamics. 

• Computing the output range of the control 
program. 

• Intersecting reachable sets with unsafe set. 

• Verifying the inclusion of a reachable set in 
the target set.

<latexit sha1_base64="PT7XCWfZbLqwWqWGNIrtfe61+Fs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gPaUDbbTbt0Nwm7E7GU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGt5nfeuTaiDh6wHHCfUUHkQgFo5hJTxU865XKbtWdgSwTLydlyFHvlb66/ZilikfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMfSiCpu/Mns1ik5tUqfhLG2FSGZqb8nJlQZM1aB7VQUh2bRy8T/vE6K4bU/EVGSIo/YfFGYSoIxyR4nfaE5Qzm2hDIt7K2EDammDG08RRuCt/jyMmmeV73Lqnd/Ua7d5HEU4BhOoAIeXEEN7qAODWAwhGd4hTdHOS/Ou/Mxb11x8pkj+APn8weDwY3l</latexit>

x(t)

<latexit sha1_base64="EYu3IDs1a+PU0cwLF0hZr0Z1Oyw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthbaUDabTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuBNRwKRRvoUDJO6nmNA4kfwhGN1P/4YlrIxJ1j+OU+zEdKBEJRtFKnV7IJdI+61drbt2dgSwTryA1KNDsV796YcKymCtkkhrT9dwU/ZxqFEzySaWXGZ5SNqID3rVU0ZgbP5/dOyEnVglJlGhbCslM/T2R09iYcRzYzpji0Cx6U/E/r5thdOXnQqUZcsXmi6JMEkzI9HkSCs0ZyrEllGlhbyVsSDVlaCOq2BC8xZeXSfus7l3UvbvzWuO6iKMMR3AMp+DBJTTgFprQAgYSnuEV3pxH58V5dz7mrSWnmDmEP3A+fwAIs4/4</latexit>

�c
<latexit sha1_base64="F4EuHe5hGkNNM+XIDPAXaKpFDew=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ie0oWw2k3bpbhJ2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwWNsGm4EdlKFVAYC28Hodua3n1BpnsQPZpyiL+kg5hFn1FjpsdYLURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0alXvsurdX1TqN3kcRTiBUzgHD66gDnfQgCYwkPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8Aev2QNA==</latexit>

2�c
<latexit sha1_base64="GZj2Xk8R3SSAvfk4lYYMAnaEb+M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMF+yFtKJvNtl26uwm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80TZxqyho0FrFuh8QwwRVrIEfB2olmRIaCtcLR7dRvPTFteKwecJywQJKB4n1OCVrp8bwbMYGkR3vlilf1ZnCXiZ+TCuSo98pf3SimqWQKqSDGdHwvwSAjGjkVbFLqpoYlhI7IgHUsVUQyE2SzgyfuiVUitx9rWwrdmfp7IiPSmLEMbackODSL3lT8z+uk2L8OMq6SFJmi80X9VLgYu9Pv3YhrRlGMLSFUc3urS4dEE4o2o5INwV98eZk0z6r+ZdW/v6jUbvI4inAEx3AKPlxBDe6gDg2gIOEZXuHN0c6L8+58zFsLTj5zCH/gfP4AfImQNQ==</latexit>

3�c
<latexit sha1_base64="l6SiZ3ntoMlaaOTsMOr9jKdnASU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWw2k3bpbhJ2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwWNsGm4EdlKFVAYC28Hodua3n1BpnsQPZpyiL+kg5hFn1FjpsdYLURjaZ/1yxa26c5BV4uWkAjka/fJXL0xYJjE2TFCtu56bGn9CleFM4LTUyzSmlI3oALuWxlSi9ifzg6fkzCohiRJlKzZkrv6emFCp9VgGtlNSM9TL3kz8z+tmJrr2JzxOM4MxWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0LqreZdW7r1XqN3kcRTiBUzgHD66gDnfQgCYwkPAMr/DmKOfFeXc+Fq0FJ585hj9wPn8AfhWQNg==</latexit>

4�c
<latexit sha1_base64="Nh7TLHkIWAHD9QsOwjc+3htkUJM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBexGMug==</latexit>

0

<latexit sha1_base64="mQ5Ve691yizyc4Hs/wg2PxSWXXo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DgniMaB6QLGF2MpsMmZ1dZnqFsAT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1ybUSsHnCccD+iAyVCwSha6b7dc3vFklt2ZyCrxFuQEixQ7xW/uv2YpRFXyCQ1puO5CfoZ1SiY5JNCNzU8oWxEB7xjqaIRN342O3VCzqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz7E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqaF2WvWq7cVUq1m6d5HHk4gVM4Bw8uoQa3UIcGMBjAM7zCmyOdF+fd+Zi35pxFhMfwB87nDwOOjgw=</latexit>

X0

<latexit sha1_base64="wVKRSgSJVY8wrw+voeAqKZMyB+U=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqxIIjHCvYD2qVk02wbmmSXJCuWpeAv8OJBEa/+IW/+G7NtD9r6YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg689sPVGkWyXsziakv8FCykBFsMmlYfjzvF0tuxZ0BrRJvQUqwQKNf/OoNIpIIKg3hWOuu58bGT7EyjHA6LfQSTWNMxnhIu5ZKLKj209mtU3RmlQEKI2VLGjRTf0+kWGg9EYHtFNiM9LKXif953cSEV37KZJwYKsl8UZhwZCKUPY4GTFFi+MQSTBSztyIywgoTY+Mp2BC85ZdXSeui4tUq1btqqX7zNI8jDydwCmXw4BLqcAsNaAKBETzDK7w5wnlx3p2PeWvOWUR4DH/gfP4AmAiOXw==</latexit>

g(x)
<latexit sha1_base64="CrT9R0DC/zCj9NokZMnxyKYOF3U=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EitJsyI0VdFgRxWcE+oDOUTJppQzOZkGTEMhT8FW5cKOLWP+POf2P6WGjrgcDHOTfk5oSSM21c99vJra1vbG7ltws7u3v7B8XDo5ZOUkVokyQ8UZ0Qa8qZoE3DDKcdqSiOQ07b4eh6mrcfqNIsEfdmLGkQ44FgESPYWMv3R1hKXB6UHyuVXrHkVt2Z0Cp4CyjBQo1e8cvvJySNqTCEY627nitNkGFlGOF0UvBTTSUmIzygXYsCx1QH2WznCTqzTh9FibJHGDRzf9/IcKz1OA7tZIzNUC9nU/O/rJua6CrImJCpoYLMH4pSjkyCpgWgPlOUGD62gIlidldEhlhhYmxNBVuCt/zlVWidV72Lau2uVqrfPM3ryMMJnEIZPLiEOtxCA5pAQMIzvMKbkzovzrvzMR/NOYsKj+GPnM8f+ByRaQ==</latexit>

(g(x))



Representing Infinitely Many States

a b

c

d

Interval: [a, b] × [c, d]

Polyhedron:
<latexit sha1_base64="7y0GZyS3zeie351nrQh+8cfejY0=">AAACKHicbZDLSgMxGIUz9VbrbdSlm2ARKpQyU4u6syCIywq9QVtLJv3bhmYuJpliGQq+jBtfxY2IIt36JKY30NYfAl/OOSHJcQLOpLKskRFbWV1b34hvJra2d3b3zP2DsvRDQaFEfe6LqkMkcOZBSTHFoRoIIK7DoeL0rsd+pQ9CMt8rqkEADZd0PNZmlCgtNc2rVL0PNCLDpp2eUzaN53h2el+cbh6HuM7hAaccnXR0xpmYTTNpZazJ4GWwZ5BEsyk0zfd6y6ehC56inEhZs61ANSIiFKMchol6KCEgtEc6UNPoERdkI5p8dIhPtNLCbV/o5Sk8UX+fiIgr5cB1dNIlqisXvbH4n1cLVfuyETEvCBV4dHpRO+RY+XjcGm4xAVTxgQZCBdNvxbRLBKFKd5vQJdiLX16GcjZjn2dyd7lk/uZpWkccHaFjlEI2ukB5dIsKqIQoekav6AN9Gi/Gm/FljKbRmDGr8BD9GeP7B8JhpPE=</latexit>

(~a1,~a2,~a3)
T~x  (b1, b2, b3)

T

Example:

Halfspace:



Overapproximate Representations

Set of intervals
Polytope with template 

exponential in the state space dimension
cannot accurately overapproximate nonconvex sets



Interval Analysis



Basic Operations



Interval Extension

<latexit sha1_base64="njSzcDzu+kvdzopQVIcShnguHWg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BQTxGNA9IljA7mU2GzM4uM71iWAL+gBcPinj1i7z5N04eB00saCiquunuChIpDLrut5NbWV1b38hvFra2d3b3ivsHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8GriNx+4NiJW9zhKuB/RvhKhYBStdPfY9brFklt2pyDLxJuTEsxR6xa/Or2YpRFXyCQ1pu25CfoZ1SiY5ONCJzU8oWxI+7xtqaIRN342PXVMTqzSI2GsbSkkU/X3REYjY0ZRYDsjigOz6E3E/7x2iuGlnwmVpMgVmy0KU0kwJpO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEwaZ2XvvFy5rZSq10+zOPJwBMdwCh5cQBVuoAZ1YNCHZ3iFN0c6L8678zFrzTnzCA/hD5zPHzXSji0=</latexit>x1

<latexit sha1_base64="x8w2bZwngYNXL0cfPIcFLp7PivM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DgniMaBIhWcLspDcZMju7zMyKYQn4A148KOLVL/Lm3zh5HDSxoKGo6qa7K0gE18Z1v53cyura+kZ+s7C1vbO7V9w/aOo4VQwbLBaxug+oRsElNgw3Au8ThTQKBLaC4eXEbz2g0jyWd2aUoB/RvuQhZ9RY6faxW+kWS27ZnYIsE29OSjBHvVv86vRilkYoDRNU67bnJsbPqDKcCRwXOqnGhLIh7WPbUkkj1H42PXVMTqzSI2GsbElDpurviYxGWo+iwHZG1Az0ojcR//PaqQkv/IzLJDUo2WxRmApiYjL5m/S4QmbEyBLKFLe3EjagijJj0ynYELzFl5dJs1L2zsrVm2qpdvU0iyMPR3AMp+DBOdTgGurQAAZ9eIZXeHOE8+K8Ox+z1pwzj/AQ/sD5/AE3Vo4u</latexit>x2

<latexit sha1_base64="b57jfFu54MSEXpLNVHa6vF2ie+I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAIB4jmgckS5idzCZDZmeXmV5hWQL+gBcPinj1i7z5N04eB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hritx65NiJWD5gl3I/oQIlQMIpWus96Xq9ccavuFGSZeHNSgTnqvfJXtx+zNOIKmaTGdDw3QT+nGgWTfFzqpoYnlI3ogHcsVTTixs+np47JiVX6JIy1LYVkqv6eyGlkTBYFtjOiODSL3kT8z+ukGF75uVBJilyx2aIwlQRjMvmb9IXmDGVmCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fO780rt5mkWRxGO4BhOwYNLqMEt1KEBDAbwDK/w5kjnxXl3PmatBWce4SH8gfP5AzdYji4=</latexit>y1

<latexit sha1_base64="dJus8VGO3U09ZfdVCaZgVVpA3z4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DgniMaB6QLGF2MpsMmZ1dZnqFJQT8AS8eFPHqF3nzb5w8DppY0FBUddPdFSRSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1ybUSsHjBLuB/RgRKhYBStdJ/1Kr1iyS27M5BV4i1ICRao94pf3X7M0ogrZJIa0/HcBP0x1SiY5JNCNzU8oWxEB7xjqaIRN/54duqEnFmlT8JY21JIZurviTGNjMmiwHZGFIdm2ZuK/3mdFMMrfyxUkiJXbL4oTCXBmEz/Jn2hOUOZWUKZFvZWwoZUU4Y2nYINwVt+eZU0K2Xvoly9q5ZqN0/zOPJwAqdwDh5cQg1uoQ4NYDCAZ3iFN0c6L8678zFvzTmLCI/hD5zPHzjcji8=</latexit>y2

<latexit sha1_base64="NRSWWqoueFZzdm++gvyXf5L0Hqo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZKUXdCAVBXFboC9pxyKSZNjSTGZKMdBgqgr/ixoUibv0Ld/6N6WOhrQcunHvODbn3eBGjUlnWt5FZWl5ZXcuu5zY2t7Z3zN29hgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wdXYb94TIWnIayqJiBOgHqc+xUhpyTUPColrnyZu6eSuBi+hXxjqdqhb18xbRWsCuEjsGcmDGaqu+dXphjgOCFeYISnbthUpJ0VCUczIKNeJJYkQHqAeaWvKUUCkk04uGMFjrXShHwpdXMGJ+vtFigIpk8DTkwFSfTnvjcX/vHas/AsnpTyKFeF4+pEfM6hCOI4DdqkgWLFEE4QF1btC3EcCYaVDy+kQ7PmTF0mjVLTPiuXbcr5y/TiNIwsOwREoABucgwq4AVVQBxg8gGfwCt6MJ+PFeDc+pqMZYxbhPvgD4/MHnDCU2w==</latexit>

(y1, y2)
T = f(x1, x2)

<latexit sha1_base64="aLG8wkfgo0N9NjY/PykaKVzeL7Q=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU8mWUttbQRCPLdgPaJeSTdM2NptdkqxQloJ3Lx4U8epP8ua/MdtWUNEHA4/3ZpiZ50eCa4Pxh5NZW9/Y3Mpu53Z29/YP8odHbR3GirIWDUWouj7RTHDJWoYbwbqRYiTwBev408vU79wxpXkob8wsYl5AxpKPOCXGSs3uIF/ARWxRqaCUuFXsWlKrVUulGnIXFsYFWKExyL/3hyGNAyYNFUTrnosj4yVEGU4Fm+f6sWYRoVMyZj1LJQmY9pLFoXN0ZpUhGoXKljRooX6fSEig9SzwbWdAzET/9lLxL68Xm1HVS7iMYsMkXS4axQKZEKVfoyFXjBoxs4RQxe2tiE6IItTYbHI2hK9P0f+kXSq6lWK5WS7Ur+6XcWThBE7hHFy4gDpcQwNaQIHBAzzBs3PrPDovzuuyNeOsIjyGH3DePgE3L42m</latexit>

X
<latexit sha1_base64="D8X9X2UKkiV+6rfW0zUt/2Q2Kus=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgadndxCSeDAjiMYp5SLKE2clsMmT2wcysEELAD/DiQRGv/pE3/8bZJIKKFjQUVd10d3kxZ1JZ1oeRWVpeWV3Lruc2Nre2d/K7e00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8kbnqd+6o0KyKLxR45i6AR6EzGcEKy1d35718gXLPK2WnRMHWaZlVZxiOSVOpeQUka2VFAVYoN7Lv3f7EUkCGirCsZQd24qVO8FCMcLpNNdNJI0xGeEB7Wga4oBKdzK7dIqOtNJHfiR0hQrN1O8TExxIOQ483RlgNZS/vVT8y+skyq+6ExbGiaIhmS/yE45UhNK3UZ8JShQfa4KJYPpWRIZYYKJ0ODkdwten6H/SdEy7bJauSoXaxf08jiwcwCEcgw0VqMEl1KEBBHx4gCd4NkbGo/FivM5bM8Yiwn34AePtE8kQjfc=</latexit>

Y ?

<latexit sha1_base64="yfyCQCd/Feh4YvUmjAU1acFkJUA=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoqsxIUZcFobisYB/QDiWT3mlDM5khyRTLUPAL3Pgrblwo4tadO//GTNuFth4IHM65l5tz/JgzpR3n28qtrW9sbuW3Czu7e/sH9uFRU0WJpNCgEY9k2ycKOBPQ0ExzaMcSSOhzaPmj68xvjUEqFok7PYnBC8lAsIBRoo3Us0s13NVwr1PMFCYCM6FBjgnHRgORreEowFMc9OyiU3ZmwKvEXZAiWqDes7+6/YgmIQhNOVGq4zqx9lIiNaMcpoVuoiAmdEQG0DFUkBCUl84STfGZUfo4iKR5QuOZ+nsjJaFSk9A3kyHRQ7XsZeJ/XifRwZWXMhEnJh6dHwoSjnWEs3pwn0mgmk8MIVQy81dMh0QSampRBVOCuxx5lTTPy+5FuXJbKVZrD/M68ugEnaISctElqqIbVEcNRNEjekav6M16sl6sd+tjPpqzFhUeoz+wPn8Amn+dTw==</latexit>

F is an interval extension of f

<latexit sha1_base64="8Nz3MrjtZXiHYo6BLsHc/Ls0tWc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqxIBSPFewHtEvJptk2NMkuSVYoS8Ff4MWDIl79Q978N2bbHrT1wcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslt5nceqdIskg9mGlNf4JFkISPYZFKj3L0cFEtuxZ0DrRNvSUqwRHNQ/OoPI5IIKg3hWOue58bGT7EyjHA6K/QTTWNMJnhEe5ZKLKj20/mtM3RhlSEKI2VLGjRXf0+kWGg9FYHtFNiM9aqXif95vcSEN37KZJwYKsliUZhwZCKUPY6GTFFi+NQSTBSztyIyxgoTY+Mp2BC81ZfXSfuq4tUq1ftqqd54WsSRhzM4hzJ4cA11uIMmtIDAGJ7hFd4c4bw4787HojXnLCM8hT9wPn8ANQGOHg==</latexit>

F (X)



Example

<latexit sha1_base64="xWkIai9Ns1sOVw+/hS8NeKlYsZM="></latexit>

f(x1, x2) =

✓
x1 � x2

x3
2

◆

<latexit sha1_base64="dze3mc4zz+ucr5hxdzlhyQ7Gq+c=">AAACBHicbVDLSgMxFL3js9ZX1WU3wSK4KGWmFHVZEMRlBfuAmWHIpGkbmskMSUZaSkE3/oobF4q49SPc+TemD0RbD1w4Oedecu8JE86Utu0va2V1bX1jM7OV3d7Z3dvPHRw2VJxKQusk5rFshVhRzgSta6Y5bSWS4ijktBn2Lyd+845KxWJxq4cJ9SPcFazDCNZGCnL5QeB4TCDXLjp+0UODoPzzDHIFu2RPgZaJMycFmKMW5D69dkzSiApNOFbKdexE+yMsNSOcjrNeqmiCSR93qWuowBFV/mh6xBidGKWNOrE0JTSaqr8nRjhSahiFpjPCuqcWvYn4n+emunPhj5hIUk0FmX3USTnSMZokgtpMUqL50BBMJDO7ItLDEhNtcsuaEJzFk5dJo1xyzkqVm0qhenU/iyMDeTiGU3DgHKpwDTWoA4EHeIIXeLUerWfrzXqfta5Y8wiP4A+sj2/+hZYv</latexit>

x1 2 [0, 1], x2 2 [0, 1]

<latexit sha1_base64="oldeGRG7g1r6dVB7jioAJbtxsio="></latexit>

F (X1, X2) =

✓
X1 �X2

X3
2

◆
Interval extension:



Overapproximation Error (Overestimation)

Hausdorff distance:

<latexit sha1_base64="38zBHVnK3QK/i0dajxPk9rkg2GM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BQTwmYB6QLGF20puMmZ1dZmaFsAS8e/GgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1Fip3u4VS27ZnYGsEm9BSrBArVf86vZjlkYoDRNU647nJsbPqDKcCZwUuqnGhLIRHWDHUkkj1H42O3RCzqzSJ2GsbElDZurviYxGWo+jwHZG1Az1sjcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ86LsXZYr9Uqpevs0jyMPJ3AK5+DBFVThDmrQAAYIz/AKb86D8+K8Ox/z1pyziPAY/sD5/AHf241p</latexit>

X

<latexit sha1_base64="hxJw9hvkqDYEM2NkrWOcdlf4Fxo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAIB4TMA9JljA76U3GzM4uM7NCWALevXhQxKuf5M2/cfI4aGJBQ1HVTXdXkAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HweuI3H1FpHss7M0rQj2hf8pAzaqxUu+8WS27ZnYIsE29OSjBHtVv86vRilkYoDRNU67bnJsbPqDKcCRwXOqnGhLIh7WPbUkkj1H42PXRMTqzSI2GsbElDpurviYxGWo+iwHZG1Az0ojcR//PaqQmv/IzLJDUo2WxRmApiYjL5mvS4QmbEyBLKFLe3EjagijJjsynYELzFl5dJ46zsXZTPa+elys3TLI48HMExnIIHl1CBW6hCHRggPMMrvDkPzovz7nzMWnPOPMJD+APn8wfhX41q</latexit>

Y

When the Hausdorff distance is 0 
between X and Y, then X = Y.

However, we usually measure the 
overestimation only based on the size 
of the overapproximation.



Overapproximation Refinement
<latexit sha1_base64="oldeGRG7g1r6dVB7jioAJbtxsio="></latexit>

F (X1, X2) =

✓
X1 �X2

X3
2

◆

Interval evaluation from 
X1 = [0,1], X2 = [0,1]

Union of the interval evaluations from 
an 8-subdivision of X1 = [0,1], X2 = [0,1]



Computing Reachable Set under ODE dynamics

• If the ODE is linear in the state variables, we may directly use the closed-
form solution. [Girard 2005], [Le Guernic et al. 2009], [Frehse et al. 2011] 

• If the ODE is nonlinear, the reachable sets are computed based on the local 
linearizations. [Althoff et al. 2008], [Dang et al. 2010], [Althoff 2013] 

• Verified integration methods. [Berz et al. 1998], [Nedialkov et al. 1999], [Neher et al. 

2007] 

• Only numerical arithmetic is involved in the above methods.



<latexit sha1_base64="IkVtMfCwl2c5cZsfROIi/e94P2k=">AAAB9XicbZBLSwMxFIUz9VXrq+rSTbAILqTMSFGXBUFcVrEPaMeSydxpQzMPkjtKGQr+DDcuFHHrf3HnvzF9LLT1QODjnBtyc7xECo22/W3llpZXVtfy64WNza3tneLuXkPHqeJQ57GMVctjGqSIoI4CJbQSBSz0JDS9weU4bz6A0iKO7nCYgBuyXiQCwRka6/62m7Xtk44PEpk76hZLdtmeiC6CM4MSmanWLX51/JinIUTIJdO67dgJuhlTKLiEUaGTakgYH7AetA1GLATtZpOtR/TIOD4NYmVOhHTi/r6RsVDrYeiZyZBhX89nY/O/rJ1icOFmIkpShIhPHwpSSTGm4wqoLxRwlEMDjCthdqW8zxTjaIoqmBKc+S8vQuO07JyVKzeVUvXqaVpHnhyQQ3JMHHJOquSa1EidcKLIM3klb9aj9WK9Wx/T0Zw1q3Cf/JH1+QMj0pK2</latexit>

R[0,�]

Example: Reachable Set Computation for Linear ODEs
<latexit sha1_base64="Sd+0Lh7JIasKLzfDaHNEDN+dWqw=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiCEKZkaJuhIogLivYC7RDyaRn2tDMhSRTLMOASze+ihsXirj1Bdz5NqbTLrT1h8DHf05Ocn434kwqy/o2ckvLK6tr+fXCxubW9o65u9eQYSwo1GnIQ9FyiQTOAqgrpji0IgHEdzk03eHVpN4cgZAsDO7UOALHJ/2AeYwSpa2uWez0QpV0RkCT+zTFF/hyxvgYZ+SmXbNkla1MeBHsGZTQTLWu+aWH0tiHQFFOpGzbVqSchAjFKIe00IklRIQOSR/aGgPig3SSbJcUH2qnh71Q6BMonLm/byTEl3Lsu7rTJ2og52sT879aO1beuZOwIIoVBHT6kBdzrEI8CQb3mACq+FgDoYLpv2I6IIJQpeMr6BDs+ZUXoXFStk/LldtKqXr9MI0jjw5QER0hG52hKrpBNVRHFD2iZ/SK3own48V4Nz6mrTljFuE++iPj8wfYOptY</latexit>

~̇x = A~x+~bODE:

Solution:

Properties:
<latexit sha1_base64="U2RMDFtSMsUvhxu+03hgfwD0row=">AAACE3icbVDLSgMxFM3UV62vqks3wSK0ImWmFnUjFARxWcE+oB2GTJppQzMPkjtCGQp+ght/xY0LRdy6ceffmE67qNUDF84954bce9xIcAWm+W1klpZXVtey67mNza3tnfzuXlOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3g18Vv3TCoeBncwipjtk37APU4JaMnJH3frA14ExzoB57SEL/FcXynNmkpqOvmCWTZT4L/EmpECmqHu5L+6vZDGPguACqJUxzIjsBMigVPBxrlurFhE6JD0WUfTgPhM2Ul60xgfaaWHvVDqCgCn6vyLhPhKjXxXT/oEBmrRm4j/eZ0YvAs74UEUAwvo9CMvFhhCPAkI97hkFMRIE0Il17tiOiCSUNAx5nQI1uLJf0mzUrbOytXbaqF2/TCNI4sO0CEqIgudoxq6QXXUQBQ9omf0it6MJ+PFeDc+pqMZYxbhPvoF4/MHyaSbZQ==</latexit>

�(t1, t3) = �(t1, t2)�(t2, t3)
<latexit sha1_base64="lfRaBJY4iiR3sUwbp+/LcHcTZbw=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoUcpMLSqCUBDEZQX7gLYMmTRtQzMPkjtCKQU/xY2/4saFUty48F9MpwPW6oHAedyQ3OOGgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3cH1NK8/MKl44N/DMGRtj/R83uWUgLYc87JVUTwHjn0CzmkeX+E5XczjY637PzoJi/GwY2atghUD/yV2QrIoQcUxJ61OQCOP+UAFUappWyG0R0QCp4KNM61IsZDQAemxpqY+8Zhqj+Idx/hIOx3cDaQ+PuDYnb8xIp5SQ8/Vkx6BvlrMpuZ/WTOC7kV7xP0wAubT2UPdSGAI8LQw3OGSURBDTQiVXP8V0z6RhIKuNaNLsBdX/ktqxYJ9VijdlbLlm8dZHWl0gA5RDtnoHJXRLaqgKqLoCb2gN/RuPBuvxsT4mI2mjKTCffQLxtc373aglA==</latexit>

 (t1, t3) =  (t1, t2) + �(t1, t2) (t2, t3)

<latexit sha1_base64="N/ddbPnGz+mPSIiBLY45Xlac5OA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD92BOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbSvql69WruvVRqNPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gDbsY2G</latexit>

X0

<latexit sha1_base64="tTrLfMFp8QvEBTISG9R12WymiI0=">AAACI3icbVDLSgMxFM34rPU16tJNsAgVpMxIURGEgiAuK9gHdIYhk962oZkHSaZQhoKf4sZfceNCKW5c+C+mnS5q64ELJ+fcS+49fsyZVJb1baysrq1vbOa28ts7u3v75sFhXUaJoFCjEY9E0ycSOAuhppji0IwFkMDn0PD7dxO/MQAhWRQ+qWEMbkC6IeswSpSWPPOm6Tlt4IrgW+xUe6yYvc6tM9z0LOxEMU+kduSc4wyApv7IMwtWyZoCLxN7Rgpohqpnjp12RJMAQkU5kbJlW7FyUyIUoxxGeSeREBPaJ11oaRqSAKSbTm8c4VOttHEnErpChafq/ERKAimHga87A6J6ctGbiP95rUR1rt2UhXGiIKTZR52EYxXhSWC4zQRQxYeaECqY3hXTHhGEKh1rXodgL568TOoXJfuyVH4sFyr3z1kcOXSMTlAR2egKVdADqqIaougFvaEP9Gm8Gu/G2PjKWleMWYRH6A+Mn1/i0KML</latexit>

X� = �(�, 0)X0 � (�, 0)~b

<latexit sha1_base64="jjrYCYH6n5ifINKABVSJ3+r6KkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8VbBtoQ9lsJu3SzSbuboRSCv4GLx4U8erf8ea/cftx0NYHA4/3ZpiZF2aCa+O6305hZXVtfaO4Wdra3tndK+8fNHWaK4YNlopU+SHVKLjEhuFGoJ8ppEkosBUOrid+6xGV5qm8N8MMg4T2JI85o8ZKvt/tRCgM7ZYrbtWdgiwTb04qMEe9W/7qRCnLE5SGCap123MzE4yoMpwJHJc6ucaMsgHtYdtSSRPUwWh675icWCUicapsSUOm6u+JEU20Hiah7Uyo6etFbyL+57VzE18FIy6z3KBks0VxLohJyeR5EnGFzIihJZQpbm8lrE8VZcZGVLIheIsvL5PmWdW7qJ7fnVdqN0+zOIpwBMdwCh5cQg1uoQ4NYCDgGV7hzXlwXpx352PWWnDmER7CHzifPx+okHQ=</latexit>

X�
<latexit sha1_base64="X4ePr9+NLnuFfkrREWwn/eb3zIg=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0Q1GNAEI8RzAOSJczO9iZDZneWmV4hLAF/wosHRbz6Nd78GyePgyYWNBRV3XR3BakUBl3321lb39jc2i7sFHf39g8OS0fHLaMyzaHJlVS6EzADUiTQRIESOqkGFgcS2sHoZuq3H0EboZIHHKfgx2yQiEhwhlbqdvp5tReCRDbpl8puxZ2BrhJvQcpkgUa/9NULFc9iSJBLZkzXc1P0c6ZRcAmTYi8zkDI+YgPoWpqwGIyfz06e0HOrhDRS2laCdKb+nshZbMw4DmxnzHBolr2p+J/XzTC69nORpBlCwueLokxSVHT6Pw2FBo5ybAnjWthbKR8yzTjalIo2BG/55VXSqla8y0rtvlau3z7N4yiQU3JGLohHrkid3JEGaRJOFHkmr+TNQefFeXc+5q1rziLCE/IHzucPXAuRvA==</latexit>

X2�

<latexit sha1_base64="WuNPvbKDWiRYxx1Ti/rrCDdlJRg="></latexit>

R[�,2�] = �(�, 0)R[0,�] �B, { (⌧, 0)~b | ⌧ 2 [0, �]} ✓ B

<latexit sha1_base64="sL7fIZ+YQC9rNZmhUaFJ/PBo3x8="></latexit>

'f (~x0, t, 0) = eAt~x0 +

Z t

0
eA(t�⌧)d⌧ ~b = �(t, 0)~x0 + (t, 0)~b



Such a scheme does not work on 
nonlinear ODEs …



Verified/Validated Integration

Verified integration is originally proposed to solve IVP.
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x0

φf(x0, t,0) • Result 1: a validated set that contains the actual 
solution at a particular time. 

• Result 2: a group of validated sets each of which 
contains the actual solution in a time interval. 

• Set Representations: intervals, interval Taylor 
series. 

• Initial Condition: a single state or an interval.



Framework of Verified Integration

<latexit sha1_base64="HqIZjLiDXiNaQyeiYzId6jpnsrQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVYEMRjBfsB7VKyabYNTbJLkhXKUvAXePGgiFf/kDf/jdltD9r6YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQm8zuPVGkWyQczjakv8EiykBFsMqlbdc8H5Ypbc3OgVeItSAUWaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+mt86Q2dWGaIwUrakQbn6eyLFQuupCGynwGasl71M/M/rJSa89lMm48RQSeaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2hc177JWv69XGrdP8ziKcAKnUAUPrqABd9CEFhAYwzO8wpsjnBfn3fmYtxacRYTH8AfO5w8Tt44I</latexit>

X(0)
<latexit sha1_base64="p8FKlqsCw7OafDyW6Btbq5oxgRI=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI8BQTxGMA9JljA7O5sMmZ1dZnqFEAL+gxcPinj1c7z5N04eB00saCiquunuClIpDLrut7Oyura+sZnbym/v7O7tFw4OGybJNON1lshEtwJquBSK11Gg5K1UcxoHkjeDwfXEbz5ybUSi7nGYcj+mPSUiwSha6aFV6oRcIj3rFopu2Z2CLBNvToowR61b+OqECctirpBJakzbc1P0R1SjYJKP853M8JSyAe3xtqWKxtz4o+nBY3JqlZBEibalkEzV3xMjGhszjAPbGVPsm0VvIv7ntTOMrvyRUGmGXLHZoiiTBBMy+Z6EQnOGcmgJZVrYWwnrU00Z2ozyNgRv8eVl0jgvexflyl2lWL15msWRg2M4gRJ4cAlVuIUa1IFBDM/wCm+Odl6cd+dj1rrizCM8gj9wPn8AMP6QcA==</latexit>

X(�)

reachable set after one time step

• We do not know , but is able to compute the following Taylor approximation at : 

 

such that  is an interval.   The above expression is called the Interval Taylor Series (ITS). 

• Evaluating a verified remainder  such that  for all .

X(δ) X(0)

X(t) ≈ X̃(t) = X(0) + f(X(0))t + Y2t2 + ⋯ + Yktk

Yi =
1
i

∂f [i−1]

∂x
f(X(0))

I X(t) ⊆ X̃(t) + I t ∈ [0,δ]

N. S. Nedialkov, K. R. Jackson, G. F. Corliss. Validated Solutions of Initial Value Problems for Ordinary Differential Equations. 
Applied Mathematics and Computation, Volume 105, Issue 1, pp. 21-68. 1999.



Remainder Evaluation

Picard Operation:
<latexit sha1_base64="NQUDwPPJ9zlNNmylX2aRpGW2S/U="></latexit>

P(x(t)) = x(t0) +

Z t

t0

f(x(⌧), ⌧)d⌧

<latexit sha1_base64="rbpH+71kPGsWh1XiRYWredDlFIY="></latexit>

'f (x0, t, t0) = x0 +

Z t

t0

f('f (x0, ⌧, t0), ⌧)d⌧

The solution to the IVP: ,  is a fixed point of the Picard operation:·x = f(x, t) x(t0) = x0

Banach Fixed-Point Theorem: 
Let  be a nonempty complete metric space with a contraction mapping , then  has 
a unique fixed point in .

(X, d) φ : X → X φ
X



Remainder Evaluation

1. Compute an interval estimation , and check if the Picard operation contracts on 
. 

2. If so, go to the next step, otherwise enlarge  and check again. 

3. Repeatedly refine the interval  using Picard operation until there is no big 
contraction. 

I
X̃(t) + I

I

I

Question: Are the interval coefficients in  also contracted by Picard operation?X̃(t)



Reachable Set Computation for Simple State Feedback Systems

<latexit sha1_base64="+GtEUKkHsrq7ojgrLLnnPfoC3KQ=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWoYKURIq6EQoiuKxgH9CGMplM2qGTBzMTaQnZ+CtuXCji1s9w5984bbPQ6oELh3Pu5d573JgzqSzryygsLa+srhXXSxubW9s75u5eS0aJILRJIh6Jjosl5SykTcUUp51YUBy4nLbd0fXUbz9QIVkU3qtJTJ0AD0LmM4KVlvrmQc8XmKQeGmeppzJ0hfzK+DQ56Ztlq2rNgP4SOydlyNHom589LyJJQENFOJaya1uxclIsFCOcZqVeImmMyQgPaFfTEAdUOunsgQwda8VDfiR0hQrN1J8TKQ6knASu7gywGspFbyr+53UT5V86KQvjRNGQzBf5CUcqQtM0kMcEJYpPNMFEMH0rIkOsE1E6s5IOwV58+S9pnVXt82rtrlau3+RxFOEQjqACNlxAHW6hAU0gkMETvMCr8Wg8G2/G+7y1YOQz+/ALxsc3aJuVpg==</latexit>

dx

dt
= f(x, u)

<latexit sha1_base64="H89qM0sc2i0Mbi/i8NrqIbsSW5w=">AAAB9HicbZBLSwMxFIUz9VXrq+rSTbAIdVNmpKgboSCIywr2Ae1Q7qSZNjSTiUmmWIaC/8KNC0Xc+mPc+W9MHwttPRD4OOeG3JxAcqaN6347mZXVtfWN7GZua3tndy+/f1DXcaIIrZGYx6oZgKacCVozzHDalIpCFHDaCAbXk7wxpEqzWNybkaR+BD3BQkbAWMtP8BVuD0BKKD6edvIFt+ROhZfBm0MBzVXt5L/a3ZgkERWGcNC65bnS+Ckowwin41w70VQCGUCPtiwKiKj20+nSY3xinS4OY2WPMHjq/r6RQqT1KArsZASmrxeziflf1kpMeOmnTMjEUEFmD4UJxybGkwZwlylKDB9ZAKKY3RWTPiggxvaUsyV4i19ehvpZyTsvle/KhcrN06yOLDpCx6iIPHSBKugWVVENEfSAntErenOGzovz7nzMRjPOvMJD9EfO5w91A5Gt</latexit>

u = (x)

1.  

2. Computing the set  which consists of the 
control inputs used in the first step. 

3. Verified integrating the ODE  from the initial 
condition  for  time. 

4. Updating  by the verified solution for . 

5. Repeating the above 3 steps until the given time horizon is 
reached.

Xi = X0 .

Ui = {κ(x) | x ∈ Xi}

·x = f(x, u), ·u = 0
x(0) ∈ Xi, u ∈ Ui δc

Xi x(δc)



Pros and Cons of using Intervals
• Compact Representation: the size of an ITS is linear in the order, and also linear in 

the number of the state variables. 

• Low Computational Cost: only numerical computation is used, no set subdivision is 
required. 

• Easy Implementation: it requires only a library of interval analysis. 

• Low Flexibility. 

• Heavy Accumulation of Overestimation. 

• Expensive Refinement.



Assignments

1. CAPD is a well developed C++ library for validated numerics for dynamical systems. 

http://capd.sourceforge.net/ 

2. Read the basic information of the tool. 

3. Compile and run the examples for ODE integration and trajectory enclosure. 

4. Use CAPD to compute the reachable set of the Van der Pol oscillator: 

,   

     from the initial set .

·x = y ·y = (1 − x2)y − x

x(0) ∈ [1.49,1.51], y(0) ∈ [2.39,2.41]


